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Abstract 

In this paper, we study genuine infinite tensor products of some algebraic structures. By a 
genuine infinite tensor product of vector spaces, we mean a vector space &) i£I Xi whose linear maps 
coincide with multilinear maps on an infinite family {Xi}i S i of vector spaces. After establishing 
its existence, we give a direct sum decomposition of &) ieI Xi over a set £li,x, through which we 
obtain a more concrete description and some properties of ® ieI Xi. If {Aj}iei is a family of unital 
'-algebras, we define, through a subgroup fij*^ C O.I.A, an interesting subalgebra ®"g 7 Ai. When all 
Ai are C*-algebras or group algebras, it is the linear span of the tensor products of unitary elements 
of Ai. Moreover, it is shown that (^"g^C is the group algebra of Qj*c. in general, @^jAi can 
be identified with the algebraic crossed product of a cocycle twisted action of Q^a- On the other 
hand, if {Hi}i^i is a family of inner-product spaces, we define a Hilbert C*(fi"' c )-module fy™°^Hi, 
which is the completion of a subspace ®^™jHi of (& ieI Hi. If Xny^ i s the canonical tracial state on 
C* (f2j* c ), then Hi^x^ut ^ coincides with the Hilbert space ^f^jHi given by a very elementary 

algebraical construction and is a natural dilation of the infinite direct product Yl <&iei Hi as defined 
by J. von Neumann. We will show that the canonical representation of (^)"* 7 £(-ffi) on ®^jHi is 
injective (note that the canonical representation of (Sii^i^iHi) on Y\®iel Hi is non-injective). We 
will also show that if {Ai}i S i is a family of unital Hilbert algebras, then so is &)t eI Ai. 
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1 Introduction 

In this paper, we study infinite tensor products of some algebraic structures. In the literature, infinite 
tensor products are often defined as inductive limit of finite tensor products (see e.g. [I], [5] [TU], |15j . 
|16|). As far as we know, the only alternative approach so far is the one by J. von Neumann, concerning 
infinite direct products of Hilbert spaces (see [21 J. Some authors used this approach to define infinite 
tensor products of other functional analytic structures (see e.g. [3J, [12] and [II])- The work of von 
Neumann attracted the attention of many physicists who are interested in "quantum mechanics with 
infinite degrees of freedom" , as well as mathematicians whose interest is in the field of operator algebras 
(see e.g. [J, 0, [3], i, [T3], [11], [10]). 

However, von Neumann's approach is not appropriate for purely algebraic objects. The aim of this 
article is to study "genuine infinite algebraic tensor products" (i.e. ones that are defined in terms of 
multilinear maps instead of through inductive limits) of some algebraic structures. There are several 
motivations behind this study. 
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1. Conceptually speaking, it is natural to define "infinite tensor products" as the object that produces 
a unique linear map from a multilinear map on a given infinite family of objects (see Definition 12.11) . As 
infinite direct products of Hilbert spaces are important in both Physics and Mathematics, it is believed 
that such infinite tensor products of algebraic structures are also important. 

2. We want to construct an infinite tensor product of Hilbert spaces that is easier for non-analyst to 
grasp (compare with the infinite direct product as defined by J. von Neumann; see Lemma 14.21 and 
Remark EHJd)) and is more natural (see Theorem 14.81 Example 14.101 and Example 15. 6p . 

3. Given a family of groups {Gi}i £ /, it is well-known that the group algebra of the group 

m-H Gi := {[<7i]ie/ G H^iGi : gi = e except for finite number of i G /} 

is an inductive limit of finite tensor products. However, if one wants to consider the group algebra 
C[Hi<ziGi], one is forced to consider a "bigger version of tensor products" (see Example 13. ip . 

In this article, the algebraic structures that we concern with are vector spaces, unital "-algebras, 
inner-product spaces as well as "-representations of unital "-algebras on Hilbert spaces. In our study, 
we discovered some interesting phenomena of infinite tensor products that do not have counterparts in 
the case of finite tensor products. Most of these phenomena related to certain object, Qi : x, defined as 
in Remark 12.4( d). which "encodes the asymptotic information" of a given family {Xi}i e j. 

In Section 2, we will begin our study by defining the infinite tensor product (^> ie jXi, <dx) of a 
family {Xi]i e i of vector spaces. Two particular concerns are bases of ® ieI Xi as well as the relationship 
between (£) ieI Xi and inductive limits of finite tensor products of {Xi} ie j (which depend on choices 
of fixed elements in H ie iXi). In order to do these, we obtain a direct sum decomposition of (£) ieI Xi 
indexed by a set fli-x (see Theorem 12. 5p with all the direct summand being inductive limits of finite 
tensor products (see Proposition 12.6( b)). From this, we also know that the canonical map 

is injective (but not surjective). As a consequence, &) ieI Xi is automatically a faithful module over the 
big unital commutative algebra (£) iGl <C (see Corollary [22] and Examplc l2.10[) . Moreover, one may regard 
the canonical map 

e c: n ie/ c^(g) c 

as a generalised multiplication (see Example 12.10( a)). In this sense, one can make sense of infinite 
products like (— l) 7 . 

Clearly, &) ieI Ai is a unital "-algebra if all Ai are unital "-algebras. We will study in Section 3, a 
natural "-subalgebra ($f eI Ai of (& ieI Ai which is a direct sum over a subgroup of the semi-group 
fli-A- The reasons for considering this subalgebra are that it has good representations (see the discussion 
after Proposition 15. ip . and it is big enough to contain Cpljg/Gj] when Ai = C[G<] for all i € I (see 
Example 13.1( a)). Moreover, if all Aj are generated by their unitary elements (in particular, if Ai are 
group algebras or G*-algebras), then ®" g ^4j is the linear span of the tensor products of unitary elements 
in Ai. We will show that (Q^ljAi can be identified with the crossed products of some twisted actions 
in the sense of Busby and Smith (i.e., a cocycle action with a 2-cocycle) of H"!^ on &f ieI Ai (the unital 

"-algebra inductive limit of finite tensor products of Ai). Moreover, it is shown that (^)"g 7 C can be 
identified with the group algebra of f2"' c (Corollary [33). We will also study the center of ®^]Ai in 
the case when Ai is generated by its unitary elements (for all i € I). 

In Section 4, we will consider tensor products of inner-product spaces. If {Hi}i e i is a family of 
inner-product spaces, we define a natural inner-product on a subspace (^"gj-Hj of &) ieI Hi (see Lemma 
14.2( b)). In the case of Hilbert spaces, the completion &)^jHi of is a "natural dilation" of the 
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infinite direct product Yl®i£i Hi as denned by J. von Neumann in [3T] (see Remark STTfb)). Note that 

the construction for fyf^jHi is totally algebraical and is more natural (see Example 14.101 and Example 

I5.6[) . Note also that one can construct Y\.®iei Hi m a similar way as ^)f^jHi (see Remark l4.7f d)). On 

the other hand, there is an inner-product C^j^J-module structure on -ffi which produces fyf^jHi 

(see Theorem 14.81) . as well as many other pre- inner-products on ®"^fi?i (see Remark |4.9f a)). 

Section 5 will be devoted to the study of * -representations of unital ""-algebras. More precisely, if 
: Ai — > £(Hi) is a unital ""-representations (i G I), we define a canonical ""-representation 

We will show in Theorem 15.3( 0) that if all ^ are injective, then (^fif^j is also injective. This is equiv- 
alent to the canonical ""-representations of ^^jC(Hi) on ^)f^jHi being injective, and is related to the 
"strong faithfulness" of the canonical action of Q^^tm 011 ^i^h ( see Rem.ark l5.4f b)). Note however, that 

the corresponding tensor type representation of (^) "g/<C(-ffi) on Y[ ®iei Hi is non- injective. Consequently, 
if (ifj,7Ti) is a unitary representation of a group Gi that induced an injective ""-representation of C[Gj] 

on Hi (i € I), then we obtain injective "tensor type" ""-representation of Cpig/GJ on (^jij-ffj (see 
Corollary I5.7p . On the other hard, we will show that © pe n ie/ 5(Ai) (®teiH pn&ti^i 71 >») is an injective 
""-representation of (^"e/^ wnen all ^» are C*-algebras ( Corollary 15.91) . Finally, we show that if all Ai 
are unital Hilbert algebras, then so is ^)^ T Ai. 

Notation 1.1 i). In this article, all the vector spaces, algebras as well as inner-product spaces are over 
the complex field C, although some results remain valid if one considers the real field instead, 
ii). Throughout this article, I is an infinite set, and 3 is the set of all non-empty finite subsets of I. 
Hi). For any vector space X , we write X x := X \ {0} and put X* to be the set of linear functionals 
on X. IfY is another vector space, we denote by X ®Y and L(X] Y) respectively, the algebraic tensor 
product of X and Y, and the set of linear maps from X to Y . We also write L(X) := L{X; X). 

iv) . If {Xi}i e i is a family of vector spaces and x G H^iXi, we denote by Xi the "i th -coordinate" of x 
(i.e. x = [xi]i£j). Ifx,y G IljgjXi such that Xi = yi except for a finite number of i G 7 , we write 

Xi = Vi e.f 

v) . If V is a normed spaces, we denote by £(V) and V the set of bounded linear operators and the set 
of bounded linear functionals respectively, on V. Moreover, we set &±(V) :— {x G V : ||x|| = 1} as well 
as B X {V) := {x G V : \\x\\ < 1}. 

vi) . If A is a unital * -algebra, we denote by the identity of A and Ua '■= {a G A : a* a = ca = aa*}. 



2 Tensor products of vector spaces 

In this section, {Xi}i e i and {Y^jigj are families of non-zero vector spaces. 

Definition 2.1 Let Y be a vector space. A map $ : Tli^iXi — > y is said to be multilinear z/$ is linear 
on each variable. Suppose that &) ieI Xi is a vector space and Qx ■ ^h^iXi Xi is a multilinear 

map such that for any vector space Y and any multilinear map $ : Tli^iXi — > Y , there exists a unique 
linear map $ : ® ieI Xi — > Y with $ = $ o Qx- Then (® ieI Xi, Qx) is called the tensor product of 
{Xi}i G j. We will denote <S>i^i Xi := Qx(x) (x G Hi e jXi) and set X® 1 :— ® ieI Xi if all Xi are equal to 
the same vector space X . 
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Let us first give the following simple example showing that non-trivial multilinear maps with infinite 
number of variables do exist. They are also crucial for some constructions later on. 

Example 2.2 (a) Let Uj 6l C := {/3 G n. ie/ C : ft = 1 e.f.} and set 

I (J otherwise. 

It is not hard to check that (p± is a non-zero multilinear map from IL e /C to C. If 4>i ■ ®j e /C — > C is 
i/ie linear functional induced by (p± (the existence of &) ieI C will be established in Provosition \ 2.3\f a ) ). 
then 4>\ is an involutive unital map. 

(b) Let n° e/ C := {(3 G II ie jC : J2 ieI |ft - 1| < oo}. For each (3 G n° e/ C, fee net {IL eF ft} Fe5 
converges to a complex number, denoted by IIj g //3j (see e.g. \21\ 2.4-1])- We define fo(P) '■— ILgjft 
whenever [3 G IT" e/ C and set </?o|n ie /C\n { c = 0- ^4s in part (a), ipo induces an involutive unital linear 
functional <fio on (£) ieI C. 

Clearly, infinite tensor products are unique (up to linear bijections) if they exist. The existence of 
infinite tensor products follows from a similar argument as that for finite tensor products, but we give 
an outline here for future reference. 



Proposition 2.3 (a) The tensor product (&) ieI Xi, Ox) exists. 

(b) If {Ai}i e i is a family of algebras (respectively, * -algebras), then &) ieI Ai is an algebra (respectively, 
a * -algebra) with (® ie / ai)(® i& i bi) := <g> ie j <Zj6j (and (<S>i e j ai)* :— a*) ) for a, b G U i£l Ai. 

(c) If "J \ : Ai —> L(Xi) is a homomorphism for each i G / , there is a canonical homomorphism ® i6J \l/i : 
ie/ Ai L((g)- eJ Xi) such that (0 ieJ *i) (®iei a,i)<g>i e r Xi = ® ie / ^(o^Xj (a G U ieI Ai and x G 

(d) If A = -^n * s a graded algebra and ®^L M n is a graded left A-module, then ®k>n ^ k 
is a graded A-module with a m (® k > n x k ) = ®fc>„a m x fc G <8> fc > m+n M k (a m G A m \x G n fc >„M fe ). 

Proof: Parts (b), (c) and (d) follow from the universal property of tensor products, and we will only 
give a brief account for part (a). Let V be the free vector space generated by elements in Hi e jXi and 
Go : IligiXj — > V be the canonical map. Suppose that W :— span Wo, where 

W := (A0 o (m) + 9o(v) - &o(w) : A G C; u, v, w G U ieI Xi; 3i G / with 

Xu io + v io = w io and Uj = Vj = Wj,Vj G J\ {«o}}- (2.1) 

If we put &> i£ i Xi := V/W, and set 9jc to be the composition of Oo with the quotient map from V to 
V/W, then they will satisfy the requirement in Definition 12.11 □ 



In the following remark, we list some observations that may be used implicitly throughout this article. 
Remark 2.4 (a) As Ox is multilinear, &) ieI Xi — spanBxf^ILg/X*). 

(b) If I\ and I2 are non-empty disjoint subsets of I with I = I\ U I2, it follows, from the universal 
property, that ® ieJ Xi = (® ie/l Xi) ® (0j e / 2 Xj) canonically. 

( c ) ®i e /pM ® Y i) - (®i e /^i) ® i®iei Y i) canonically. 

(d) For any x, y G IL e /X*, we denote 

x ~ ?/ if Xi= yi e.f. 
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Obviously, ~ is an equivalence relation on H^jX^ , and we set [x]^ to be the equivalence class of 
x G Hi^jX i . Let 0,i-x be the collection of such equivalence classes. It is not hard to see that Qj-c is a 
quotient group ofHnzj<C x , and that it acts freely on Q[-x- 

(e) The element 1 G C® 1 is non-zero. In fact, if 1 = 0, then C® 1 = (0) (by Provosition \2.3\f b) ) . 
and this implies the only multilinear map from IT 6 jC to C being zero, which contradicts Examvle \2.2\ 

The "asymptotic object" fli-x as defined in part (c) above is crucial in the study of genuine infinite 
tensor product, as can be seen in our next result. Let us first give some more notations here. For every 
u G Il ie iX* , we set 

Tlf eI Xi := {x G U ieI X, :x~u} and ®" *i := spanOxdl^Xi). 
If u ~ v, then Uf eI Xi = U^jXi, and we will also denote Il^j X t := Uf eI X t as well as ® -"'f X; t := 

Theorem 2.5 ® ieI X { = 0- e/ ^. 

Proof: Suppose that x^ 1 ', x^ n ' G Hi e iX* and — uq < ■ ■ ■ < njv = n is a sequence satisfying 

x (n k +i) x (n k+ i) for k e { 0j j\T- 1}, but zC"*) * X M whenever 1 < k ^ I < N. We first show 

that if ui, f n G C with J^iLi vi&x{%"') = 0, then 

v&xix^) = (fc = 0,...,iV-l). 

* — 'l=n k + l 

In fact, by the proof of Proposition 12.31^ . there exist m G N, fii, fj, m G C and Afc0 o (w' fc ') + 
8 (w (fe) ) - e (w (fc) ) G Wq (k = 1, ...,m) such that 

£" =i ^e (x«) = X!™ ^(^©oO^) + e (« (fe) ) - e ( w (fc) )). 

Observe that if one of the elements in {u^ k \ w^} is equivalent to x^ 1 ^ (under ~), then so are the 
other two (see (|2.ip ). After renaming, one may assume that u^ k ' ~ ~ ~ a^ 1 ) for fc = 1, mi, 
but none of u^ k \ nor u/ fc ) is equivalent to a^ 1 ) when k G {mi + 1, m}. 
Since the two sets 

{x ini+1 \ ...,x (n) } U {u( mi+1 \ ...,u (m ^} U {« (mi+1) , ...,w (m) } U {w (mi+1) , w (m) } 

and ...,a;( ni )} U it (mi) } U U {w^, ...,w( mi ^>} are disjoint and elements in 

Go (Ilig/Xi) are linearly independent in V, we have 

y;!%ao(s c,) ) - y;r n w( A fc e o( u(fe) )+ o(« (fc) )-0o(^ fe) )) = o. 

This implies that ^Ox(z (0 ) = 0. Similarly, E"=^+i vi®x(x {l) ) = for k = 1, iV - 1. 

The above shows that ((g)"^ X*) n fefeli 1 

= {0} whenever wi, cjm are distinct elements 

in fli-x- On the other hand, for every x G IL^iX*, one has 8j{(a:) G (S>[g7 ^Q- These give the required 
equality. □ 

For any F G 3 and u G IT e /X* , one has a linear map 
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given by Jp{®i^F Xi) '■= %j ( x i S Xi), where Xj :— Xj when j G F, and Xj :— Uj when j G I \ F. 

For any F, G G $ with F C G, a similar construction gives a linear map Jq. f : ® ieF -Xj - > ®i e G 
It is clear that (® iei? Jg-f) F cg<e$ * s an m d uc ti ve system in the category of vector spaces with linear 
maps as morphisms. 

Proposition 2.6 (a) Jp is injective for any u G ±T e /X* and F G Consequently, &x(u) 7^ 0. 
f&j TTie inductive limit of (® ieF Xi, J%. F ) pcG is (®" eJ ^Q, {^l^es) ■ 

Proof: (a) Suppose that a G kerJ£; and ^ £ (®j e j?^"i)*- For each j e I\F, choose /j G X* with 
fj(uj) = 1. Remark l2.4f b) and the universal property give a linear map tp : <S)ig/^i ~~ ^ satisfying 

ip{®i & iXi) = ip{<®i£FXi) (% e j\F fj(xj)) (x E Ilie/Xi). 

Thus, ip(a)(®i£i 1) = ip(Jp(a)) = 0, which implies that a = (as f/' is arbitrary) as required. On the 
other hand, if io G /, then 8j(«) = ■// io } (m< ) 7^ 0- 

(b) This follows directly from part (a). □ 



Part (b) of the above implies that Qx(C u ) is a basis for ®" g7 JQ, where C w is as defined in the 
following result. 

Corollary 2.7 (a) Let c : fi/ : x — * Hg^X* &e a cross-section. For each u> E f2j ; x * E /, we picfc a 
basis Bf of Xi that contains c{uS)i and set 

C u := {x E IF/ e/ X 4 : Xi G flJ",Vt G /}. 

T f C : = ILen^x C w , then O x {C) is a basis for <g> ?eJ X 4 . 

(b) If &i : Xi — > Yi is an injective linear map (i G I), the induced linear map &) ieI &i ■ ®ie/^i — * 
®iG/^ ; * s injective. 



Proposition 2.8 The map * : ® ieI L(Xi; Yi) — > L(® ieI Xi; &) ieI Yi) (given by the universal property) 
is injective. 

Proof: Suppose that ...,T^- n ' G Hi e iL(Xi; Yi) x are mutually inequivalent elements (under ~), 
Fed, R {1 \...,R {n) G ® i£F L(Xi;Yi) with S« := jg"\RW) (k = l,...,n) satisfying 

*(£L/ &) ) = °- 

Using an induction argument, it suffices to show that = 0. 

If n = I, we take any x G U ieI X* with T^ ] Xi ± (£ G I). If re > 1, we claim that there is 
.x G n ie /X- x such that 

[if^gj G UieiYf and [if^]^ [if^fcej {k = 2,.,.,n). 

In fact, let I k := {i E I : ^ T< (1) }, which is an infinite set for any fc = 2, ...,n. For any i 6 /, we 

put iVi := {fc G {2, , .., 71} : £ E / fc } and take any E X 4 \ ( U fceJV! ker(T l (fc) - T t {1) ) U keri; (1) ) (note that 

Xi cannot be a finite union of proper subspaces). Thus, T^Xi ^ (for each i £ I) and T^Xi ^ T^' Xi 
(for fc G {2, .., n} and £ G I k ). 
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Now, we have 

x x t ) n (El =2 *( sW )(0L^)) = (0) 

by Theorem 1231 and the fact that tf(£W)((g)? e/ Xi) e (g)^^, where y|° = T^ ^ (i £ I;l = l,...,n). 
Consequently, *(S , ( 1 ))|^ )X ^ = 0. As T/ 1 ^ ^0(ie I), it is easy to see that = as required. □ 

Note that \I/ is not surjective even if Xi = Yi = C (i £ J) since in this case, ^ is a homomorphism 
and ie/ C is commutative while L(0 igJ C) is not. 

The following result follows from Proposition 12.3( c). Corollary 12. 7f b) and Proposition [2781 which say 
that an infinite tensor product of vector spaces is automatically a faithful module over a big commutative 
algebra. 

Corollary 2.9 If Xi is a faithful Ai-module (i € I), then &) ieI Xi is a faithful ^) ieI Ai-module. In 
particular, Y{ is a faithful unital C® 1 -module. 

Example 2.10 (a) If f3 £ U ieI C x , then ®f eJ C = C • ® ieJ ft. In fact, for any F £ 3 and m 6 C 
(i £ F), we have Jp{® l£F Mi) = (H-ieF Vi/Pi) (®iei Pi)- 

(b) Let n £N, I%,...,I n be infinite disjoint subsets of I with I — Ufc=i ^ k an< ^ P = C^l> ---iPn) G (C x )™. 
Define f3 S ni g /C x 6j/ ft = ft- whenever i £ Ik- Then (3 H ► [ft^ is an injective group homomorphism 
from (C x )™ to <> /: ; . 

(cj Let G be a subgroup of T" C (C x ) n (Wiere T := {t e C : |t| = 1};. Ifp~0^,...,p( m ) are distinct 

elements in G and ft 1 ), ft" 1 ) e n ig /C x are as m part f&), i/ien ®j g j ft , ®ig7 ft^ 1 ™" 1 are linearly 
independent in C® 7 . Therefore, the * -subalgebra of C® 1 generated by {®i g j ft : p G G} is * -isomorphic 
to the group algebra C[G]. 

As ®ig/ «i = (nj e j-Q!i)((8)i e / 1) if Qij = 1 e.f., one may regard on as a generalisation of the 
product. In this case, one can consider infinite products like (— l) 1 . 

3 Tensor products of unital *-algebras 

Throughout this section, A4 is a unital * -algebra with identity ej (i S I), and we set f2j?^ := lite iU a,/ ~- 

Notice that in this case, fii-A is a *-semi-group with identity and can be regarded as a subgroup 
of fli-A with the inverse being the involution on £Ii ; a- Moreover, (g) ig j Ai is a fi/^-graded *-algebra in 
the sense that for any cj,cj' E Oj ; yt, 

By Proposition 12.6( b). (^ g/ Ai can be identified with the unital "-algebra inductive limit of finite 
tensor products of Ai. We will study the following *-subalgebra that contains ^)^ eI Ai: 



The motivation behind the consideration of this subalgebra is partially from Example 13.1( a) below, and 
partially because it has good representations (see the discussion after Proposition 15 . II below 1 ) . Moreover, 
if all Ai are linear spans of V Ai (in particular, if they are C*-algebras or group algebras), then 0" e jAj 
is the linear span of a^i^iV Ai) ■ If Ai — A for all i E I, we denote A® 1 ■= <S>T e i A i- 

Example 3.1 (a) Let Gi be a group and C[Gj] be its group algebra (i G I). If A: IT e /Gi —> Ilig/t/crg.i 
is the canonical map, then A := 0<c[G] ° A gives a * -isomorphism from Cfllig/Gj] to the * -subalgebra 

In /act, A induces a * -homomorphism from C[n, e /Gj] to 0" e jC[G,]. Let g : n^/G^ — > Tli£iGi/(BieiGi 
be the quotient map. For a fixed s G LTjg/Gj, i/ we set 

©* gJ Gi := {ien ie; G !:g (t)= g ( s )}, 

ttien s _1 (©i G /Gi) = © ie jGj. Thus, {X(t) : t G ©i e /Gi} is a set of linearly independent elements in 
ie /C[Gi] (as A|c[® 4 X G 4 ] * s a bisection onto 0| e jC[Gj]_j. On the other hand, if s' 1 ', ...,s^ n ' G n^/Gi 
suc/i that q(s^) ^ q(s^) whenever k ^ I, then A(s' 1 '), A(s^) are linearly independent in 0j e /C[Gi] 
(see Theorem rO)) . Consequently, {X(t) : f G n ieJ G;} /orm a basis /or ®fjf ielGi) C[G;]. 

('bj it is well-known that there is a twisted action (a, it), in the sense of Busby and Smith, offline '■= 
TLi£iGi/(Bi£iGi on C[Q) ieI Gi} = &>l eI C[Gi] (see [6, 2.1]) such that C[IL; e /Gi] is * -isomorphic to the 
algebraic crossed-product ie jC[Gj] x a ,u^l;G- 

There is a canonical action 5 of ITg/t/^ on ®^jAi given by inner-automorphisms, i.e. 
3„(o) := (®i6inj) • a ■ (® ieI u*) (u G U ieI U Ai ; a G 6d AA. 

This induces an action 5 e of IT 6 j[/4. on the subalgebra &>l eI Ai. The following result gives an identifi- 
cation of 0"|jA as the algebraic crossed-product (see e.g. [T7J p. 166]) of a cocycle twisted action (i.e. 
a twisted action in the sense of Busby and Smith) of 0"*^ on ®l eI Ai induced by S e . 

Before we give this result, let us recall that an abelian group G is divisible if for any g G G and 
n G N, there is ft G G with g = /i™. 

Theorem 3.2 (aj There is a cocycle twisted action (H, m) of (Y}} A on ^\ eI Ai such that ®^jAi is 
f2 -graded * -isomorphic to (®j e/ ^i) Xg m &Ta- 

(b) Suppose that all Ai are commutative. If ®\ e iAi is a unital * -subalgebra of a commutative * -algebra 
B with Ub being divisible, ^)^jAi is fl^ A -graded * -isomorphic to a unital * -subalgebra of B (£) C[{Yft A ]. 
If Uq* iAi « s itself divisible, — (®iez^*) ® ^[^/vi] as -graded * -algebras. 

Proof: Let c : 0"?^ — > U ie jUAi t> e a cross-section with c([e]^) = e. 
(a) For any fi, v G Wf-Ai we se * 

S p := E e cip) and m(^,v) := c(ii) l c(v) i c{p,v)^ 1 . 

As c(^)c(v) ~ c{(iv), we have m(n,v) G It is easy to check that (3, m) is a twisted action in 

the sense of Busby and Smith. Furthermore, we define ^ : (0^/^) m — ► 0"g/^4i by 

: = E (/ G «S>lA) *B,mWU)- 

Wts ! j- « 
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It is not hard to verify that "J is a bijective fij^-graded *-homomorphism. 

(b) Let U^ eI U Ai '■= W? eI Ai n Hi e iU Ai . By the Baer's theorem, @a\ii? jU Ai can be extended to a group 
homomorphism <p : Ho^iUai — > Ub- Since 

^( c (M))v( c (^))^( c (M iy )) _1 = ®iei c(p) i c(iy) l c(^)Y 1 (fi,v eSYfi A ), 

the map $ : (g^Aj -> B ® C[fi^ A ] given by 

$(a) :=(a-® <eJ c(u;)r 1 )^(c(w))®A(u;) (a G (9)" Ajw G njM (3.2) 

is a fiy*4-graded *-homomorphism. If Z^gjjut a w G kcr $ (with a" G ®" e /Aj), then for every w G fij*^, 

one has (a" • <g>jgi c(u;)^~ )<£>(e(a;)) = 0, which implies a u = 0, and hence $ is injective. The image of $ 
is the linear span of 

{b<p{c{oj)) ® A(w) : 6 G (g) 6 A;u> G fif^}, 
and it is clear that $ is surjective if £> = (& e ieI Ai. □ 

Remark 3.3 (a) The cocycle twisted action (£, m) depend on the choice of a cross- section, and different 
cross-sections may give different twisted actions (although their crossed-products are all isomorphic). On 
the other hand, the map $ in part (b) also depends on the choice of a cross-section as well as the choice 
of an extension of Qa\tl\ &i Ua- ■ 

(b) If Si is a set and Ai is a * -subalgebra of £°°(Si) (i G I), then by Theorem \3.2V b). ®^jAi is a 
*-subalgebraoft°°(Il ie iSi)(g)C[tty A ]. Our first proof for this fact use Q 184] and 7.1]. 

(c) If all Ai are commutative, then &)^ eI Ai = (®1 £l Ai) ®C[f2j!^] as ££f: A -graded * -algebras if and only 
if there is a group homomorphism ir : Cl^ A — > U^ut ^ Ai such that it(uj) £ &)^ e jAi (ui G Q^ A ). In fact, 

if such a 7r exists, one may replace (a ■ c(u)~ l )ip{c(uj)) in (|3.2j) with a7r(w _1 ) and show that the 
corresponding $ is a * -isomorphism. 

Clearly, the second statement of Theorem 13.2( b) applies to the case when Ai = C Ui for some m G N 
(i G /). In particular, Theorem 13. 2f b) and its argument give the following corollary. 

Corollary 3.4 If ifi is as in Examvle \2. 2V a) and tp : LTjg/T — > T is a group homomorphism that extends 
( Pi\n 1 eI T fa existence is guaranteed by the Baer's theorem), then $((g>j e j Oj) := (p(a)\([a]^) (a G IL e /Tj 
is a well-defined * -isomorphism from C®/ onto C[£Vjt c ]. 

Conversely, it is clear that if <p : n^/T — > T is any map such that $ as defined in the above 
is a well-defined *-isomorphism, then (p is a group homomorphism extending fi\u 1 eI T- On the other 
hand, there is a simpler proof for Corollary 13.41 In fact, for a, (3 G IIj e _rT with a ~ /3, one has 
c/?(a) -1 ■®i£ioii = (p([3)~ 1 fii. Thus, [a]r^ n> ^(a) -1 -®i^ia.i is a well-defined group homomorphism 
from fij* c to U c ®i such that {(p(a)^ 1 ■ a, : G ^/* c } is a basis for C® J . 

Example 3.5 for any subgroup GCT™, £/ie algebra in Examvle \2.10\f c) is a * -subalgebras o/C®/. 

In the remainder of this section, we will show that the center of (&f eI Ai is the tensor product of 
centers of Ai when Ai = span U Ai for all i € I. 

If A is an algebra and G is a group, we denote by Z(A) and ^(G) the center of A and the center of 
G respectively. Clearly, the inclusion Hi^iUzCAA £ He/LOu induces an injective group homomorphism 
from &^ Z ( A ) to Qj* A and we regard the former as a subgroup of the later. 
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Theorem 3.6 Suppose that there is Fq G $ with Ai = span V ' Ai for any i G Iq := I \ Fq . 

(a) Z^"*^) = £tf: Z (A)- Moreover, Z(Vff: A ) = Qf: A if and only if all but a finite number of Ai are 
commutative. 

(b) Every element in \ ^(1^*4) has an infinite conjugacy class. 

(c) Z(®? eI A i )=®? eI Z(A i ). 

Proof: (a) It is obvious that Wft z , A \ C Z(£lf: A ). Suppose u G U ieI U Ai with [u]^ £ ^T-z(A)- There 
is an infinite subset J C 7 such that Ui £ Z{A{) (i G J). For each i e J, one can find Vi G U Ai 
such that mvi ^ ViUi. For any i G I\J, we put Uj = e*. Then [w]^ G and ^ 

Consequently, [u]^ ^ Z^y^). This argument also shows that if the set {i G / : Z{Af) ^ Ai} is infinite, 
then Z^l^j^) ^ Oy*^ . Conversely, it is clear that ^ t z ^ — ^7*4 if all but a finite numbers of Ai are 
commutative. 

(b) Suppose that [u]^ G fi"!^ \ ^(0^) and {i n }neN is a sequence of distinct elements in I such that 
u i n 4- Z{A in ) (n G N). For each n G N, choose Wj n G f7^ in with Vi n Ui n v* ^ u in . For any prime number 

p, we set iu- p ^ := v in (n G Np), and vJf^ := ej if i G / \ {i„ : n G Np}. If p and q are distinct prime 
numbers, then 

"ffuinrf)* = «i„ ^ (n G \ Ng). 

Consequently, ^ w^u(w^)* , and the conjugacy class of [u]^ is infinite. 

(c) Since i^®"*^) = <g) ieFo Z(Ai) ® Z(®"* /q A^, we may assume that A* = span U Ai for all i G /. 
In this case, Z{^f eI Ai) = i where is the fixed point algebra of the action S as 
defined above. Moreover, one has (g)^jZ(Ai) C Z(<^^- I A i ) and it remains to show that (®"g/^4i)~ C 
QferZiAi). ' ' ~ " 

Let G Ilig/t/Ai be mutually inequivalent elements, FeJ and &i, &„ G ®ieF^* \ {0} 

such that a := J2l=i ^ 0*0 € ((g)^/^) 3 We first ckim that e n f,z(A) ( k = h-,n). 

Suppose on the contrary that [t^ 1 )]^ ^ ^TziA) = ^(^fi)- F° r every u G n^/fT^, one has 

G ((g)| ej A 4 )\{0}. 

As E!„(a) = a, we see that [tif'^ii*]^ G [i^™* 1 ]^}, which contradicts the fact that {[w/^u*]^ : 

[u]^ G ^7*4} is an infinite set (by part (b)). 

By enlarging F, we may assume that G U ie iUz(Ai) (k = 1, For each u G IT ie /J7 J 4 i and 

fc G {l,...,n}, one has S„(J]f ' (b k )) = jf\b k ) and so, b k G Z((g) j£F ^)- Therefore, a G ®f eI Z{Ai) as 
expected. □ 

The readers should notice that <&f eI Z(Ai) equals ® LoeZ (nf A ) ®teiZ(Ai) instead of wef2 ut^ §§t eI Z(Ai) 
(strictly speaking, the later object does not make sense). 

Example 3.7 (a) If m G N (i G I), then Z (®T eI M ni (C)) S C®/. 
(7>J //Gj are ice groups, then Z{(g)f eI £[G l ]) ^ C®/ canonically. 

We end this section with the following brief discussion on the non-unital case. Suppose that {Ai} ie i 
is a family of "-algebras, not necessarily unital. If M(Ai) is the double centraliser algebra of Ai (i e /), 
we define an ideal, (&^jAi, of ®^jM(Ai) as follows: 

<SC eI Al := sp&n{j^(a) : F e^■,ae<^)^ F A i ■ue^ ieI UM(A ^ )}■ 
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In general, ®" eI Ai is not a subset of &) ie jAi. In a similar fashion, we define 

($Z) e A4 := span {Jp{a) : F G ff; a G ^5" G II ie /[/ M(Ai) ; u ~ e}, 

which is an ideal of (^>^ eJ M(Ai). By the proof of Theorem 13. 2f a), one may identify ®" g jAi as the ideal 
of (0| gJ M(j4j)) Xg m f^j^^j consisting of functions from fij*^/^ to ®^ gJ ^li having finite supports. 

4 Tensor products of inner-product spaces 

Throughout this section, (Hi, (•,•)) is a non-zero inner-product space (i S /J. Moreover, we denote 
SVj$ := Hie/Si^)/ ~- 

If i? is a unital *-algebra and X is a unital left _B-module, a map (•, -)s : X x X -> B is called a (7e/fj 
Hermitian B-form on X if (ax + U,z)b — d(x, z)b + {y, z) b and (x, y)* B = (y, x) b (x,y, z G X;a G B). 
It is easy to see that a Hermitian .B-form on X can be regarded as a £?-bimodule map : X ® X — > B 
satisfying 0(a; ® y)* = 0(y ® i) (where X is the conjugate vector spaces of X regarded as a unital right 
-B-module in the canonical way). Consequently, part (a) of the following result follows readily from the 
universal property of tensor products, while part (b) is easily verified. 

Proposition 4.1 (a) There is a Hermitian C® 1 -form on &) ieI H such that (®ie/ Xi,®i£i Vi)c.®i '■= 
<g) ie j (xi, yi) (x, y G U ieI H). 

(b) For a fixed (j, G fi^, one has (Q H (x), ®H(y)) c ®i = Hiel(zuVi}(®iei l ) ( x iV G nf e/J ffi). Tfe 
induces an inner-product on ^>^ eI Hi which coincides with the one given by the inductive limit of 
(®ieF Hi, Jg-f) FCGes' * n ^ e ca ^ e 9 or y of inner-product spaces with isometries as morphisms. 

We want to construct a nice inner-product space from the above Hermitian C^-form. A naive 
thought is to appeal to a construction in Hilbert C*-modules that produces a Hilbert space from a 
positive linear functional on C® 1 . However, the difficulty is that there is no canonical order structure 
on C® 7 . Nevertheless, we will do a similar construction using the functional <f>\ in Example 12.2( a). In 
this case, one can only consider a subspace of ® ie jHi (see Example 14.31 below) . 

Lemma 4.2 Suppose that ®f eI H i := span Q h{^i^i B\(Hi)) , ®" g } H := span 0jj(IIi e j@i(£/j)) and 

(i,v)<h ■■= M(£>v)c*') (^G(g) ie/ ff t ). 

(a) For any \i G the restriction of (•, ■) < f >1 on (§)f g j Hi x (§)f g j -ffj coincides with the inner-product 
in Proposition \4-l^ b ). 

(b) (•, •) , is a positive sesquilinear form on Hi and is an inner-product on (^)""} t H- Moreover, if 

K := {y€(g) C ^H i :(x,y)^=0,yxe(g)^H i j, 
then Hi = K © (^"ef Hi ( as vector spaces). 

(c) If I = l\ U I2 and I\ D I2 = 0, i/ien ft = (®ig/i ft) ® (®ie/ 2 ft) as ^ nner ~V r °duct spaces. 
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Proof: (a) This part is clear. 

(b) It is obvious that (•,•)<*! i s a sesquilinear form on Hi. Let 

E := {x G Hi. e iBi(Hi) : \\xi\\ < 1 for an infinite number of i 6 /} 

and K := spanG^E 1 )- Clearly, <g)f eI H t = ^©®*?j H t . Moreover, if u G n ie7 Bi(iJ 2 ) and «e£, then 
(ui,Vi) 7^ 1 for an infinite number of i G I, which implies that {(Si<£i U{, v i)4>i — 0. Consequently, 
K C K. 

We claim that (£, £) , > for any £ G Suppose that £ = X)fc=i ^fc®te/ u i^ with Ai, A„ G 

C and G U^B^H,). Then 

As in the above, <^i(®ie/ (u[ k \ )) = if either or is in £\ Thus, by rescaling, we may assume 
that 

« (B) g Hig/SiCiro- 

Furthermore, we assume that there exist = no < ■ • ■ < n m — n such that ~ ■ • • ~ m ("p+i) for 

all p G {0, m — 1}, but u 1 - 71 ^ no u("st) whenever 1 < p ^ q < m. It is not hard to check that ~ 
if and only if (u\ k \u[ 1 ') = 1 e.f. (as Hit! II: \\uf'\\ < 1). Consequently, if 1 < p =/= q < m, 

0i(<8>ie/ (?4 ,itf )) = when n p < k < n p+ i and n q <l < n q +i. (4.1) 

Therefore, in order to show — ^' ^ suffices to consider the case when u( fc ) ~ uW for all fc, Z G 

{1, ...,n}, which is the same as £ G ®" e j Hi. Thus, (£, £) ^ > by part (a). 

Next, we show that is an inner-product on /fj. Suppose that £ = X)fc=i ^fc®i<£/ u ^ 

with Ai,...,A„ G C and . . . , G n ie /6i(iJ i ) such that = 0. If n ,...,n m are as in the 

above, then 

because of (|4.1j) and the positivity of (•, ■) < f >1 . Hence, we may assume ~ ijW for all fc, Z G {1, ...,n}, 
and apply part (a) to conclude that £ = 0. 

Finally, as (•, ■)+ is an inner-product on Hi and we have both ^/^j Hi — K © -^i an d 

K C K, we obtain K C if as well. 

(c) Observe that the linear bijection * : (® l£Ji Hi) <8> (®j e / 2 #j) -> <S>; e /#i as in Remark l2T4T b) re- 
stricts to a surjection from (®""}* Hi) ® (®j"/ 2 Hj) to ®""f Hi- Moreover, for any u, u' G IL^©^./^) 
and u, u' G Ilj g / 2 ©i(iij), we have (u,u') ~ {v,v') as elements in IF e /@i(7ii) if and only if it ~ it' and 
i> ~ i/. Thus, the argument is part (b) tells us that 

((®ieiiu») ® (®jei 2 vj), (®ie/X) ® (®je/2«i))^ = {®i£ii u ii®i&i±u\)<i >1 {®jzi 2 v j ,®j &l2 v' j ) <t , 1 

This shows that „ ^/^anit „ n is inner-product preserving. □ 

We denote by ®f e/ iij and ®f g/ -ffi the completions of ®f eJ £/j and (gj^'Hi, respectively, under 
the norms induced by {■, ■) < f> 1 . 

Example 4.3 If Hi = C (i € I), then the sesquilinear form {■,-) < p 1 is not positive on the whole space 
iG7 iJ 2 since 1/2 - ® <eJ 2), (® ie/ 1/2 - ® 2e7 2))^ = -2. 
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Set H^jHi := {x £ H^jHi : Xi £ &i(Hi) except for a finite number of i] and K be an inner- 
product space. A multilinear map $ : U^jHi — > K (i.e. $ is coordinatewise linear) is said to be 
componentwise inner-product preserving if for any (i, v £ 

where 5^^ is the Kronecker delta. 

Theorem 4.4 fa) &) ieI Hi = ©^ e n™«®ie.r-^« canonically as Hilbert spaces. 

(b) Qiilm^jHi ■ n?gjflj — > ^l^fHi is a componentwise inner-product preserving multilinear map. 
For any inner-product space K and any componentwise inner-product preserving multilinear map <!> : 
n°gj-£/i —> if, there is a unique isometry $ : Hi — > K such that $ = $ o Qnln^jHi- 

Proof: (a) Clearly, ®"gj-ffi = X^en™' ^tei^i- Moreover, as in the proof of Lemma FL"27 b), the two 

subspaces ^)^ £l Hi and ®" eI Hi are orthogonal if n and v are distinct elements in The rest of the 

argument is standard. 

(b) It is easy to see that Oifln^if; is componentwise inner-product preserving. The uniqueness of <f> 

follows from the fact that ®H{^i™jHi) generates Hi. To show the existence of we first define a 

multilinear map $ : ^ieiHi -> if by setting $ = * on n^Hj and <E> = on n ie jifi \ U™jHi. Let 
$o : ®ieiHi — > K be the induced linear map and set $ := $o|<g)>p«.H- 4 < Suppose that u,v £ U ie j&i(Hi), 
£ £ an( i ^ e K « " "! then (£,77)^ = = ($(£), $(77)). Otherwise, there exist 

f 6 5 and £oj?/o € ®ieF ^» sucn that £ = ^f(Co), ?7 = Jf{Vo) and Ui = Vi ii i £ I \F. In this case, 



Example 4.5 Suppose that $ and y> are as m Corollary \3.4\ and {o^j^gQumt is ifte canonical orthonor- 

mal basis for ^(O^*). iVofe tfiai nj* c = fij^* and consider the linear bijection J : C[f^* c ] -)• C[fiyjg*] 
given by J(A([a]^)) := 5[ a ]^ f a S Iljg/T^. -By Examvle \ 2. 101( a) and Theorem \J^.J^( a), the map Jo$ 

induces a Hilbert space isomorphism <! : (^ijC — > ^(fi™') smc/i £/iai $(®j e / ft) = i^(/3)<5rgi (/3 S 
Tl ieI T). 

We would like to compare (^fgj-ffj with the infinite directed product as defined in [21] . when {Hi}i e i 
is a family of Hilbert spaces. Let us first recall from [23 Definition 3.3.1] that x £ H^jHi is a Co- 
sequence if y^. £ j — l| converges. As in |2U Definition 3.3.2], if x and y are Co-sequences such that 
y^j e j K^jjyi) — l| converges, then we write x ~ y. Denote by [x]~ the equivalence class of x under ss, 
and by Tj-h the set of all such equivalence classes (see [HJ Definition 3.3.3]). 

Let Yl®i e iHi be the infinite direct product Hilbert space as defined in [3T], and Y\®i^i Xi be the 
element in Y[ ®ieiHi corresponding to a Co-sequence x as in (2TJ Theorem IV]. Notice that if x £ Hf^jHi, 
then a: is a Co-sequence, and we have a multilinear map 

T-.TLt^Hi — > Y[® ie iHi. 

On the other hand, for any <£ £ Tj.^h, we denote Yl^f eI Hi to be the closed subspace of Y\^ iG jHi 
generated by {n^ie/^i : x £ <£} (see [3TJ Definition 4.1.1]). 
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Proposition 4.6 Let {Hi}i e i be a family of Hilbert spaces. 

(a) [x]n i — y [a;]~ (x £ Hi^i&i(Hi)) gives a well-defined surjection kh ' ^/ n # ^i-h- Moreover, for any 
x, y € Hi£i&i(Hi), there is a bijection between and k^ 1 ([2/]rs)- 

(b) There exists a linear map T : (^""^-ffj — > Yl ®i&lH% such that T = To Si/|n|g J .H j and T 10?^ 
extends to a Hilbert space isomorphism : &)^ eI Hi — > Y\®1"j Hi (l* G ^Yh)- 

Proof: (a) Clearly, if x ~ 2, then x w z and k# is well-defined. [5TJ Lemma 3.3.7] tells us that k# 
is surjective. Furthermore, there exists a unitary m G £(Hi) such that UjXj = yi (i & I), and [lijjie/ 
induces the required bijective correspondence in the second statement. 

(b) By the argument of Theorem 14.4( b). one can construct a linear map T such that T = T o O^ln™^ • 
By the argument of part (a), we see that T Hij C FJ (u £ IL e /6i(iJi)). Furthermore, by 

LemmaS^a), Proposition 14. If b) and [21, Theorem IV], we see that T|_[ u ]^„ is an isometry. Finally, 
l® [ul ~ff ^ as dense range (by [2TJ Lemma 4.1.2]). □ 

Notice that T is, in general, unbounded but Remark l4.7f b) below tells us that &)^jHi is a "natural 
dilation" of FJ Hi. On the other hand, Remark l4"?7T d) says that it is possible to construct FJ ®, e j ifj 

in a similar way as that for <S>fe/-^i- Note however, that the construction of (^fgj-ffi is totally algebraical 

and 0fg 7 i?t itself seems to be more natural (see Theorem 14.81 and Example 15.61 below). 

Remark 4.7 Suppose that {Hi}i<=i is a family of Hilbert spaces. 

(a) ~ and w are different even in the case when I = N and Hi — C (i G N) because one can find 
x,y G n^g^T wf/i Xj 7^ /or ai( i e N 6m£ {^i ) — l| converges. In fact, K^ 1 ([x] Ri ) *s an infinite 
set. 

(b) By \21[ Lemma 4.1.1], we have 

Therefore, Theorem \4-4^ a ) an d Proposition \4- 6] tell us that for a fixed 70 G P^h, one /ias a canonical 
Hilbert space isomorphism 

(cj For eac/i i G /, ief ifj oe an inner-product space such that Hi is the completion of Ki. Then 

^f^jKi is, in general, not canonically isomorphic to ^f^jHi because fl^K S= tf K S= Hi for an 

infinite number of i £ I . On the other hand, if I is countable, for any x G IL e /@i(i/i) , there exists 
y G Tlit=i&i(Ki) such that x « y. This shows that the restriction, kh-.k- of kh on * s a ^ so a 

surjection onto Tj-h- However, we do not know if the cardinality of kJ [ 1 k (€) are the same for different 

I/://. 

(d) If 4>o is as in Examvle \2.2\f b) . it is easy to see that 

([[®Ui,Y[®v l ) = (f) ((® ieI u u ® ieI Vl ) c »i) {u,v eUf^fHi). 

Thus, the sesquilinear form 0q((-, -)c® J ) produces J\®Hi. If one wants a self-contained alternative 
construction for Y\®Hi, one needs to establish the positivity of </>o ((•, -)c®' ) > which can be reduced to 
showing the positivity when all Hi are of the same finite dimension. 
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In the remainder of this section, we show that <^)"g" H can be completed into a C*(r2j t c )-module, 

which gives many pre-hmer products on (^"gj Hi including (•, ■) < f >1 . In the following, we use the con- 
vention that the A-valued inner-product of an inner-product A-module is A-linear in the first variable 
(where A is a pre- C* -algebra). On the other hand, we recall that if G is a group and X g is the canonical 
image of g in C[G], the map J2 g eG a 9^a ^ a& ( a a e wnere e G G is the identity, extends to a faithful 
tracial state xg on C*(G). 



Theorem 4.8 (a) There exists an inner-product C[fi"* c ] -module structure on (^"^ifj. //(§>™^ Hi is 
the Hilbert G*(f2"* c ) -module given by the completion of this ^[SVj^-module, we have a canonical Hilbert 
space isomorphism 

j- 0i mod 

<g> ieI H < = (<S> ieI H ^ % C - (4-2) 

(b) If G C f2"' c is a subgroup and £g : C*(r2y t c ) — > G*(G) is the canonical conditional expectation, there 
is an inner-product <C[G]-module structure on (Q^fHi, whose completion coincides with the Hilbert 
C*(G)-module ((g>^°/#i)®£ G G*(G). 



Proof: (a) Clearly, <S>^f H i is a C®/-submodule of the C® J -module ® ieI H (see Proposition H^c)). 
Moreover, one has a linear "truncation" E from C® 1 = (0 weni . c \n« ®" e / C ) ® C u/ to C u/ sending 
(a, (3) to /3. Define 

which is a Hermitian C®/-form because by (I3.1|) . we have 

£(a&) = £(a)6 and E(a*) = E(a)* (a g C 8/ ; 6 g C®/). 

For any u,v £ IL 6 /@i(iJi), we write u ~ s w if there exists /3 g IL e /T such that = fiiVi e.f. Then ~ s 
is an equivalence relation on ±T 6 /Si(i?i) satisfying 

u~ s v if and only if (®, e j ttj, (g>j e j ^i)c® J € C® . (4.3) 



it' 1 ), w 



Let $ and y> be as in Corollary 13.41 Suppose that £ = X)fc=i a k®iei u\ with ai,...,a„ g C and 
M g U ieI ei(H). We first show that $((£,£} c ®;) £ C*(^/-c)+- As in the P roof of Lemma 
14.2( b). it suffices to consider the case when ttW ^ s itW for any k g {1, ...,n} (because of Relation 
(14311 s ). Let Fed and ^ Tl ) g IL e7 T such that uf ] = (i € I\F; k = l,...,n). For any 

fc, ^ G {1, n}, we have 

^((n^f^M^w/f^)) = {v F {u {k) )^ F {u {l) )) Fl 

where ippivP^) :— ((p(/3^)Ili e F/3^) 1 (® iS i? "i ) <E> Ar^wi and {-, -)f is the canonical C[f2j* c ] -valued 
inner-product on (® ieF i?i) <8> C[fij? c ]. Therefore, 

m,t)c°') = (El =1 ^^( u(fc) )'El =1 ^^(" (fe) )> F ^ °- 

Next, we show that xnyt o&oE = cj>\. Let a G IL e /C x . If a ^ 1, then Xny* c °^ ° E(®i<=i on) = (as 
$(i?(<8> ie / en)) £ C • A[i]^ \ {0}, whether or not [a]~ G Q^c) anc ^ we a ^ so have (/>i((g) ig / ai) = 0. If a ~ 1, 
then <g) ie j a 4 = (IL e /0!i)((8>; e / 1) = (ILe/a^A^, which implies that Xn^ c (®(®iei «0) = IL e /a 4 = 
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Thus, we have 

/ v / unit . 

Xn« (<&(fe*?> c ®/)) = fov)*i (£,»? G ® i6/ #<)- ( 4 - 4 ) 
As a consequence, if <&((£, Oc® 1 ) = we know from Lemma l4.2f b) that £ = 0. This gives an inner- 
product C[f2j* c ]-module structure on (^""^iifj. Furthermore, the required isomorphism (^f^-Hj = 
(®™ ; J?i)® X(! ut C also follows from (|4~4|) . 

(b) Since is a C[G]-module (under the identification of C[G] with weG under the 

*-isomorphism $ in Corollary 13.41) . every element in (&""}* ®c[G] C[G] is of the form £ ®c[G] 1 f° r 
some £ e Moreover, if £,77 <E 0^j-ff, then 

<^®c[G]l,»7®c[Gil> ( gj^i c) g eoC .. (0) = £g($((£,»7} c »/)) = »?}c«*)), ( 4 -5) 

where Eq is the linear "truncation" map from C® 1 to ® ue a^iei^-' defined as in part (a). Therefore, 
&(E G ((-, -)c®' )) is a positive Hermitian C[G]-form on (g)™ 1 ^. Obviously, 

Xn u * = Xg £g; an d by 

63), 

_ unit 

This implies that $(Ec{{-, ^c® 1 )) i g non-degenerate (since (•, ■) ( f >1 is non-degenerate by Lemma S^ b)). 
Now, Equation (|4.5|l tells us that the Hilbert C* (G)-module (®™^ Hi)®E G C* (G) is the completion of 
0umt^_ unc [ er the norm induced by the C[G]-valued inner-product $(£'g((-, -)c®0)- D 

Let {e} be the trivial subgroup of 0". c . Since one can identify £{e} with (f>i (through the argument 
of Theorem 14. 8( b)). one has 

<pi j- mod _ 

Remark 4.9 (aj for any subgroup G C J7y* c and any faithful state (p on C*(G), the Hilbert space 

/ ^-^ mod \ 

((® i6/ ffi)®e C"(G))® ¥ C 
induces an inner-product on ffi^j Hi- 

(b) If x € n° eJ C ('see Example \2.2tf b)). then sup igJ - < 00. XTiis, together with the surjectivity of 
kc (see Proposition \4-.b\ a)), tells us that Ti-c is a group under the multiplication: [x]~ ■ [y]~ := [xy]~ 
(where (xy)i := Xiyi for any i £ I). Moreover, kc : = ~^ ^I;C is a group homomorphism, 
which induces a surjective * -homomorphism kc : C*(f2"* c ) — > G*(T/ : c). 

(c) It is natural to ask whether (((g) igJ 7^)<8>K C G*(r/ ; c))ci> Xr/ C is isomorphic to Y[ ®ie/ Hi canonically. 
Unfortunately, it is not the case. In fact, for any x,y £ Tlf^fHi, we denote x «x y if there exists 
a G n^g/T with a ~ 1 such that Xi — cnyi e.f. It is easy to check that «t is an equivalent relation 
standing strictly between ~ and w in general. Moreover, one has 

(((®te/ aii) <8ft C 1) ®xr J;C !> ((®t€/ ®Rc 1) ®xr IiC l) = whenever x ^ T 2/, 

w/iiZe ( n®ie/ ^i,n®«6-f J/*) = whenever x y& y. Note however, that if all Hi = C, then «i and « 

coincide, and one can show that the two Hilbert spaces ((^) if£l C)<8> KC G*(r/ ; c)) ( 8>xr / C an ^ II ®*ei ^ 
coincide canonically. 
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Example 4.10 (a) It is clear that <g). £/ C = C*(nf c ). For any state <p on G*(f2j? c ), the Hilbert space 
(®^° C)(g> v C is the GNS construction of (p. 



)ut 



(b) If G is a subgroup o/il ut c , we have 

- mod 

In fact, let q : Sl ut c — > f2"* c /G 6e i/ie quotient map and a : f2"* c /G — ► &e a cross-section. One has 
a bijection from f2 ut c to (fijJ^/G) x G sending lo to (q(w), a(q(uj)~ 1 )uj). This induces a bijective linear 
map A : C[fiJ* c ] -> 0nut / G C[G] suc/i £/iai /or any a; g f2^ c and e g fiy* c /G, 



A(A a 



Ao-( e -i) w ifq(uj)=e 
otherwise. 



Let $ : 0™fC = C®/ -> C[0?* c ] and p : n, e/ T T be as in Corollary \3J\ Suppose that a,0 g 
n.j e /C x . does noi belong to G, then Ecd'Siizi ati, <£>ieJ ft)c® J ) = 0> awc ^ 

(Ao$(®, e ia,),Ao$(® l67 ft))^ c = 0. 

On i/ie other hand, if g G, £/ien 

(Ao$(8 jefQ ,),Ao$(® ie; ft)) <2 c = ^ar^^-i], 

= $(® ie/ a t /3 4 _1 ) = $(£ G ((«, eI a„®, e /ft) c «.)). 

TTiis shows that A o $ is an inner-product C[G]-module isomorphism from C (equipped with the 

inner-product < C[G]-module structure as in Theorem \4 ■ 8^ b ) ) onto @ fi ut y G C[G]. 



5 Tensor products of ^-representations of *-algebras 

In this section, {(Ai, Hi, ^i)}^/ is a family of unital * -representations, in the sense that Ai is a unital 
* -algebra, Hi is a Hilbert space and : Ai — > £>(Hi) is a unital * -homomorphism (i G I). 

Suppose that \I>o := (^ieJ^ : ®iei^ ^ ^(®iei-^») ^ s tne ma P as m Proposition 12.3( c) . It is easy 
to check that 

(*o(a)&»7> c9 , = (£,*o(0»7>c, (o6®^;f,f)Gg )£/ fli). (5.1) 
Furthermore, one has the following result (which is more or less well-known). 

Proposition 5.1 For any /i g the map induces a unital * -representation <2)f e /^i : 

A4 — > £(&>i e iHi). If, in addition, all vp, are injective, then so is (^fg/^i- 

Consequently, one has a unital "-representation of (& e ieI Ai on the Hilbert space ^^H. However, 
it seems impossible to extend it to a unital "-representation of &) ie iAi on (^f^-Hi- The biggest *- 
subalgebra &) ieI Ai that we can think of, for which such extension is possible, is the subalgebra &)^jAi. 
Example 15. 6{ &) also tells us that it is probably the right subalgebra to consider. 
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Let us digress a little bit and give another *-representation of 0" e /^4j, which is a direct consequence 
of Proposition 15. 11 Theorem l3.2f a) and [6] Theorem 4.1] (it is not hard to verify that the representation 
as given in [SJ Theorem 4.1] is injective when 0f eJ l I'i is injective). Note however, that such a *- 
representation is not canonical since it depends on the choices a cross-section c : £Vf*A — > LTig/L^i (see 
Remark 13. 3f a)). 

Corollary 5.2 Suppose that ^ are injective. For any fi G ^j^jj, the injection 0f 6 j 1 S r j induces an 
injective unital * -representation of 0^j^li on (0f £ /-Hi) (S> £ 2 (£1^^) ■ 

Let us now go back to the discussion of the tensor product type representation of &)^jAi. Observe 
that {^i}i e i induces a canonical action a* : x fl^H ~^ ^i^h • simplicity, we will denote a*(/x) 

by u-fjL (wen^/ien^). 

Theorem 5.3 (a) The map ie/ v I'i induces a unital* -representation 0fg 7 '■ 0iej^i £(0ici-^«) ■ 

(b) (0^.(0^*01(8)^) =0^0^ m^H.Mei^)- 

(c) If all are injective, then so is 0fg/'I , i- 

Proof: (a) Set ^ := 0, e /*i- For an Y A* £ ^Th> w e ^Ta and a e ^j^i, it is clear that 

^(Sie/Oi)®^*) C (gf^Hi- (5.2) 

Suppose that u £ u> and F G J such that = ?ij for i E I\F. If £ = Jjj,, (£o) where i £ /i, F £ J with 
F C F' and £ G jG f' then 

(*o(®iez Oi)$, *o(®iei Oi)0 c «i = (C®,^*^ *) ® id )^' (& ieF *i( a «) ® id )£o)(®ie/ !)■ 

This means that ^(SSie/ a;) is bounded on (0"^J- -Hj, (•, (see Theorem I4.4f a) and Proposition 
I4.1f b)) and produces a unital homomorphism 0fg J v f'i : 0"g/^i ~> ^{^tei^ 1 )- Now, Relation (|5.1[) 
tells us that 0^^ preserves the involution. 

(b) This part follows directly from the argument of part (a). 

(c) Set ^ := 0fg / 'I , i. Suppose that g n^/CT^ are mutually inequivalent elements, F G 5, 
bW,...,^' 1 ) G ieF A; and := jf ] (&(*>) (Jfe = l,...,n) such that 

*(£L/ fe) ) = °- 

By induction, it suffices to show that a*- 1 ) = 0. 

By replacing with (?/ 1 ))~ 1 a( fe '' if necessary, we may assume that = e, (i G I). If n = 1, we 
take an arbitrary £ € Ui £ i&i(Hi). If n > 1, we claim that there exists £ € Hi e j&i(Hi) such that 

£ * M (fc) &]i 6 j (fe = 2,...,n), (5.3) 

where V^ fc ' := \?j(i>j fe '). In fact, if fc G {2, n} and i G I fc := {i 6 I : ^ e{\ (which is an infinite set), 
the subset &\{Hi) nker(V^ fe ^ — idjjj is nowhere dense in ©i(if,-) as ker(v/ fe ^ — idjjj is a proper closed 
subspace of Hi (note that is injective). For any i G I, we consider JVj := {fc G {2,...,n} : i G 7 fe }. 
By the Baire Category Theorem, for every i £ I, one can choose & G &\{Hi) \ \J keN . ker(v/ fc ' — id#J. 
Now, £ := [£i]jeJ will satisfy Relation (|5.3[) . 
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Since *(a (1) )((8)f e/ ^) C & ieI H t and 

(because of Theorem 12.51 as well as (I5.2[) and (|5.3p). we have ^(a^)\^ H , — 0. Therefore, part (b) 
and Proposition 15. II tells us that aS 1 ' = 0. □ 



Remark 5.4 (a) By the argument of Theorem \5.S\f c). if all are infective, then a* is strongly faithful 
in the sense that for any finite subset F C iYp A \ {e}, there exists /i G ^"5? with lj ■ fi ^ fi (w G F). 

(b) Ify,z G Ui£iHi are Co-sequences and u, v G n^/L/^; then 

y w z i/ and on^ i/ [#i(ui)t/i] ie j « [*»(u»)^]»ei (5.4) 

and \^i(ui)yi]i e j k, i{vi)yi]i e j whenever u ~ v. T/ius, {"J^}^/ induces an action a* : ilj*4 x — s> 
r/ ; ^f. Again, we write u ■ 7 /or a* (7) (w G ^ji\A)7 G F/^J. TTie map k# in Proposition \J^.b\ a) is 
equivariant in the sense that kh a* = a* Kh (w G ^^aJ- 

(c) If all A4 are C* -algebras and all are irreducible, then a* is transitive. 



Corollary 5.5 There is a unital * -representation FJ ®ie/ : ®iez-^» — * ^dl^ie/ -^i) such that for 
any pi G UJ^, lu G and b G (g)" e/ A l7 

(n®*e/*i)(6)of = t^o(0^)(6)|^ H< , (5.5) 
where T M is as in Proposition \4-6Y b). 

Proof: By Proposition I4.6f b) . there is a bounded linear map 

( n ®i€i *<) (&) : n n 

such that Equality (|5.5p holds (see also Remark lS^f blF Since we have sup Men umt || (<S>|^|_r ) (&) l(§>^ jy, 1| < 
00 (because of Theorem l5 . 3f a) ) . we know from Proposition l4.6f a) and [2TJ Lemma 4.1.1] that (FJ ®i g j^)(6) 
induces an element in £(FJ (8>iez -Hi), which clearly gives a * -representation. □ 



It is natural to ask if FJ ®j e j is injective if all ^ are. However, FJ is never injective as 

can be seen in Example 15. 6f b) and the discussion following it. 

Example 5.6 For any i G I, let Ai = C = Hi and Li : A4 — > L{Hi) be the canonical map. Suppose that 
$, ip and $ are as in Example \4-5\ 

(a) Let A : C[fi"* c ] — > £(£ 2 (r2y t c )) be the left regular representation. For every a, (3 G IFg/T, one has 

($*oA(A [o] Jo$)(® <6/J 8i) = ^(a-^Sig/aiA = ((g)^0(*~HA W J)(®*e//U 
Consequently, ^fpjH can be identified with A (under $ and $,). 
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(b) Let a G IljgiT such that a no 1 but a w 1 zot£/i Tli e jai = 1. If (3 <E ILg/C is a Co-sequence with 
|| n ft || = 1, one has || J] ® ie j a ?; ft || = 1 and 

(Y[®iei a 4 ft,J|® ie / ft) = 1, 

w/iic/i irrapZj/ tftarf n ®ieJ a ift = II ®ieJ A- Therefore, (J] ® ie j ti)(®i e j a,) = id 6wi <g>j e j a, ^ ® ie j 1. 
Consequently, Y[ H is non-injective (actually, (Yi L i) ° ^ * s non-infective as a group repre- 
sentation of{Yf. c ). 

In general, even ( Y[ ®iei ^») l<g> ut 7 Cei i s non-injective. In fact, suppose that a is as in the above. For 
any C -sequence £ G H^iHi, with || Hc^ig/ &|| = 1, the same argument as Example 15. 6f b~) tells us that 
II ®iei = II ®iei &• Thus, ( n (® ie j e 4 - ® ie j c^e;) = 0. 

On the other hand, by Theorem 15.31 and Corollary 15.51 there exist canonical *-homomorphisms 

J* 1 : $ll&(Hi) -> £ and J n : -»• £( J[ ® lG / #i) • 

Notice that J^ 1 is injective but J n is never injective. 

Corollary 5.7 Le£ 7r,; : — > U^/ha be a unitary representation of a group Gi, for each i G I . 

(a) There exist canonical unitary representations ^f^j^i and Y[®iel "t °f ^ieiGi on ^^jHi and 
Y[ Hi respectively. 

(b) If the induced * -representation 7Tj : C[Gi] — > £i(Hi) is injective for all i £ I, the induced *- 
representation <^>fg/7Tj of CpigjGj] is also injective. 

Proof: (a) Let (g)^ := 6 £(ff) o U ieI m : U ieI Gi -> <g>? eI £(H t ). Then 

(g)^^ := ^o®"*^* and JJ ® <6J tt* := J n o0%i 
are the required representations. 

(b) By Theorem 15. 3l cL ®fgj7Tj is injective. As ^f^j^i is the restriction of 0^7^ on CpIjgjGrj] (see 
Example 13. If a)), it is also injective. □ 

Corollary 5.8 J}<S>ie/ \tj is never irreducible, and neither do ®fg/^'i- 

Proof: Let Tj : C — > Ai be the canonical unital map and set := \tj o t, (i G I). Suppose that 
a, /3 G n ie /T with a 76 [3 and £ G LT™}'^. Then [aj&jjgj 76 [ft£i]iei and the two unit vectors 

(J[®iel^i){^ieiai){Y[®iei^i) and ( JJ® ie j *i)(®ie/ft)(]J®iei6) 

are orthogonal. Consequently, dim fl] ®iei > 1- A s (11 *i) (<8>ie/T») = Il®ie/ *i> 

we have (FJ £ ^((11 ®ieJ and J] ®ieJ is not irreducible. A similar but 

easier argument also shows that Q^f^j^i is not irreducible. □ 

For any C*-algebra A, we denote by S(A) the state space of A and by (Hp,^,^) the GNS con- 
struction of lo G S(A). We would like to consider a natural injective ^representation of 0" e/ Ai defined 
in terms of (H Ui , n Ui ). 
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If p g n ig /5(^4j) and p is defined as 

p(a) ■= ((<8**p i )(a)(® ie it Pi ),{®i e it Pi )) {a g ® 

then the closure of (®f e ^P«) (<8Ce/^)(®*e/ € Pi ) will coincide with ff^ := ® ueQ nt H Pi C 

®tei^f>i- W e set 7Tp(a) := (0fg/7rp 4 ) ( a )|ffp- Notice that if all are pure states, then Hp = i ^i? Pi 
(see Remark EHfc)). 

Corollary 5.9 Lef A$ be a C* -algebra (i G I). The * -representation >J a ■— © P en e /S(A )(^p> ^p) * s 
injective. Consequently, the * -representation $>a '■— © p en e/ s(A ) {^tei-^pt'^tei^Pi) * s a ^ so i n i e ctive. 

Proof: Suppose that (Hi, ^i) is a universal ""-representation of Ai (i g /). Let F, 

as well as a^, ...jd^") be as in the proof of Theorem 15. 3f c) with ^ a (j2k=i a< " k ^ = ®- Again, it suffices 

to show that — 0, and we may assume that = e.{ (i g I). If n = 1, we take any x g IIig/6i(i?j). 
If n > 1, we take an element a; g IL e /©i(iJi) satisfying 

x oo [*i{4 k) )xi]. eI (fc = 2, ...,») 

(the argument of Thcorcm l5.3f c) ensures its existence). Let us set Pi(a) := (^>i(a)xi,Xi) when i g I\F, 
and pick any p.; g S(Ai) when i g F . For every i g I\F, one may regard (H Pi , 7r Pi ) as a subrepresentation 
of (Hi,^i) such that £ Pi g i? Pi is identified with Xi g -ff^. Then x can be considered as an element in 
Hp. Since x no \ir Pi (u\ )Xi\ i gJ for all 2 < A: < the argument of Theorem 15. 3f c) tells us that 

((g)fj>,)(a (1) h = (V (g)>„). 

Consequently, (0j e p7r Pi ) (& ) = an d ft' 1 ^ = (as pi is arbitrary when i g F). The second statement 
follows readily from the first one. □ 

Notice also that (^>^jH Pt , ®fi I 7i> i ) is in general not a cyclic representation, and (i7 p ,7r p ) can be 
regarded as a cyclic analogue of it. 

We end this paper with the following result concerning tensor product of Hilbert algebras. 

Corollary 5.10 Let {Ai}i<=i is a family of unital Hilbert algebras (see e.g. \19\. Definition VI. 1.1]) such 
that ||ej|| = 1 (i g I). Then A := &)^jAi is also a unital Hilbert algebra with e^H = 1. 

Proof: Note that since ||ej = 1, one has = 1 for any m g U Ai- Thus, we have C 0™}* A$, 

which gives an inner product (•, -)a on A. Observe that ^)^ eI Ai is orthogonal to 0^ 6 /^4i (in terms of 
(•, -)a) whenever uj and a/ are distinct elements in ri"*^. Thus, in order to show the involution on A 
being an isometry, it suffices to check that ||x*|| = \\x\\ whenever x g 0" gJ ^j and u> g fi"'^. I n fact, for 
any u g ILg/?/^, F g # and a g (£) ieF Ai, we have 

||J£(a)l = ||J£V)|| = ||a*|| = ||a|| = \\J F (a)\\, 

because the involution on &) ieF Ai is an isometry. Let Hi be the completion of A, (with respect to the 
inner-product) and ^ : Ai — > <&(Hi) be the canonical unital "-representation (i g I). Since 

¥4(0)6 = a& (o,i€A), 
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Theorem l5.3f a) tells us that for each x £ A, one has (xy, z)a — (y, x*z)a (y, z £ A) and sup|| y || <:L \\xy\\ < 
oo. Finally, as A is unital, we see that A is a Hilbert algebra (with ||®j e j 1 1 = 1). □ 



Consequently, if all A; are weakly dense unital *-subalgebras of finite von-Neumann algebras, then 
so is 0"g Z Ai. 
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